Abstract. The presence of conservative forces on rotor blades is neglected in the blade element theory and all the numerical methods derived from it (like e.g. the blade element momentum theory and the actuator line technique). This might seem a reasonable simplification of the real flow of rotor blades, since conservative loads, by definition, do not contribute to the power conversion. However, conservative loads originating from the chordwise bound vorticity might affect the tip vortex trajectory, as we discussed in a previous work. In that work we also hypothesized that this effect, in turn, could influence the wake induction and correspondingly the rotor performance.
Introduction
The study of the fluid mechanics of propellers dates back to the 19 th century. Rankine [1] and Froude [2] settled the basis of the momentum theory explaining the origin of propeller thrust and torque from the momentum change in the fluid. This theory defines a limit to the efficiency of an ideal propeller but, due to the fact that this theory is one-dimensional, it does not provide any information about the required propeller geometry. On the contrary, the blade element theory, which is attributed to Drzewiecki [3] , takes the rotor geometry into account by dividing each blade into a finite number of independent lifting surfaces (blade elements), although it does not define any limit to the propeller efficiency. This limitation is owed to the lack of consideration of the velocity induction of the propeller itself. In order to overcome the above mentioned drawbacks of both theories, Glauert [4] introduced the Blade Element Momentum (BEM) theory combining the momentum and the blade element theories. This theory has been successively improved over the years with many corrections that make it an essential tool for rotor design [5] . It is worth remarking that only fluid loads contributing to the power conversion (i.e. non-conservative loads) are considered in BEM codes [6, 7] . The same applies to all other methods relying on the blade element theory. For example, the actuator line method (introduced by Sørensen and Shen [8] ), replaces the momentum theory from the BEM method with the 3D Navier-Stokes equations for obtaining the induced velocities in the rotor plane. However, it also uses the blade element theory for computing the blade loads. Consequently, the actuator line (AL) method, which is gaining much attention in the field of wind farm simulations [9, 10, 11] , also disregards the conservative loads. Conservative loads do not contribute to the power conversion and do not generate vorticity. Gravitational loads are a well known example of that type of load. However, aerodynamic loads on lifting surfaces, as rotor blades, might have a conservative component, too [12] . The origin of that load is the same as for the lift force: the bound circulation. At the root and tip of the blade, the bound circulation is deflected from the radial towards the chordwise direction before becoming free vorticity. The Kutta-Joukowsky load acting on the radial bound circulation gives rise to the lift force. In the same manner, the Kutta-Joukowsky load acting on the chordwise bound circulation gives rise to a force contained in a plane normal to the chord. Therefore, the load originating from the chordwise bound circulation can not contribute to the power conversion [12] . This article discusses the adequacy of neglecting this type of load in numerical models making use of the blade element theory.
Currently, rotor models that do not rely on the blade element theory are also widely-available (although they are more computationally expensive). For instance, Navier-Stokes models based on body-fitted grids have demonstrated to be very useful for the study of rotor aerodynamics [13, 14, 15, 16, 17] . Also vortex lattice models have proven to be reliable under attached flow conditions [18] . It is worth to recall that these types of models obtain the loads from the pressure field, which makes them capable of automatically considering the conservative loads (in opposition to the AL technique).
In Ref.
[12] we used an AL, a vortex lattice and a body-fitted grid Navier-Stokes model for simulating the same wind turbine like in the present article. The models not relying on the blade element theory predicted a short inboard motion of the tip vortex just after release and before the wake expansion drove it outboard. This was in agreement with our experimental observations. Further experimental evidence of the same tip vortex behaviour is also available for other wind turbines [19, 20] . However, the AL model, which as mentioned above disregards the conservative load, was unable to predict that behaviour. This suggests a clear relationship between the tip vortex trajactory and the conservative load, what supports the hypothesis from previous analytical efforts. Furthermore, as we also hypothesized, the change in the tip vortex trajectory might influence the rotor performance. In order to analyse the validity of these hypothesis, in the current work we have extended an AL model for computing and applying automatically the conservative load at the tip. Hence, we aim at answering the following questions by comparing the baseline case (which only considers the non-conservative loads) with the extended model (which also considers the conservative load): (i) Is it possible to modify the tip vortex trajectory of an actuator line model by considering the conservative load? In other words, is it possible to corroborate numerically by means of an enhanced actuator line model that the inboard motion of the tip vortex is a direct consequence of the conservative load at the blade tip? (ii) If the previous question is answered affirmatively, is the influence of the mentioned effect on the rotor performance appreciable?
Section 2 introduces the numerical models that we use in our study. In this work we use the same experimental results as in our previous work [12] for verification purposes. Correspondingly, our study is based on the so called TUDelft-B wind turbine. The two-bladed rotor has a diameter of 2 meters. The blades are twisted and tapered. They make use of the DU96-W-180 airfoil type along the whole span except at the connection to the hub, where the blade section becomes cylindrical. The blade tip is not pointed but rectangular. The wind turbine is operated at its nominal conditions (tip speed ratio λ = 7). In the experiment the tip vortex trajectory was tracked by means of particle image velocimetry (PIV). Further details about the wind turbine and the experimental set-up can be found in Ref. [20, 21, 22, 23] . 
Baseline actuator line model Our implementation of an actuator line (AL) model in
OpenFOAM is based on the AL from the SOWFA package [30] , which in turn is based on the original formulation proposed by Sørensen and Shen [8] . In this kind of model the actual geometry of each blade is substituted by a body force distributed along a line. In order to compute the body force, the actuator line is discretized into a finite number of blade elements. The user must predefine the blade geometry (spanwise distributions of chord and twist) as well as the aerodynamic characteristics of each blade element as a function of the angle of attack (AoA). Then, the AoA and the local lift F l and drag F d forces can be obtained iteratively from the above mentioned predefined data and the velocity field computed by the Navier-Stokes solver. In order to avoid numerical instabilities when applying the actuator line loading to the fluid, a gaussian smearing function is used for converting the point loads of each blade element into volumetric loads. The load applied to the fluid f was computed as:
where r is the distance between grid points and blade elements and represents a regularization parameter. Previous studies have shown a high dependency of the predicted power on the parameter. Therefore, in §3.1 we assess the sensitivity of our model to this parameter. The hub is usually neglected in simulations based on the AL. As a consequence, an unrealistic jet appears along the centerline of the rotor. In order to overcome this issue, we modelled the nacelle as a permeable disk area, as described e.g. by Wu and Porte-Agél [31] . The force applied by the hub to the fluid is: where u ∞ is the undisturbed velocity upstream of the hub, A hub is the hub area and C D hub is the hub drag coefficient. In our simulations we assumed C D hub = 0.85, as Ref.
[31] suggests. The wake induction on the rotor plane is automatically taken into account by the AL and there is no need for considering any correction for the finite number of blades (like e.g. the one proposed by Prandtl [4] ). However, the AL disregards the pressure equalization between the pressure and suction sides of the blade. In order to overcome this limitation, we used the correction model developed by Shen et al. [32] for accounting for this effect on actuator models (in accordance to the recommendations of Sørensen [33], Chapt. 8.7). The correction model applies the following function to the 2D airfoil data:
where B is the number of blades, R is the blade radius, r is the local radial position, φ is the flow angle and g is the function
where Ω is the rotational speed and U ∞ is the freestream velocity.
The numerical domain consisted of a square cylinder with a length of 22R and a width of 20R, in accordance to the recommendations of Troldborg [9] . The rotor was placed at a distance of 10R from the inlet. The greatest cell density was concentrated around the rotor. In that region, which has the width 1.6R and the length 4R, the cell size is R/50. Outside that region the grid is progressively stretched towards the outer boundaries. It is worth to recall that a grid resolution with the cell size R/30 in the rotor region is usually considered to be enough for AL simulations [34, 8] . The reason why a finer resolution was used in our case was to capture the tip vortex trajectory as accurately as possible. For the same reason, 60 blade elements were used for modelling the blade in spite of the fact that 20 elements are usually considered to be enough [35] . Ivanell et al. [36] documented that in actuator line simulations the tip vortex is released slightly inboard of the tip. In our experience, this problem is related to the size of the blade elements in that region. Jin [37] also showed that increasing the blade element density at the tip is a computationally efficient manner of improving the simulation accuracy. Therefore, apart from having a relatively large number of elements, the spacing between elements in our simulation follows a stretching function that allows the element density to increase from the hub towards the blade tip. As a consequence, the blade elements at the tip are smaller than the cells themselves. This is advantageous for azimuthal positions at which only a tiny fraction of a cell is covered by the very tip of the blade.
A Dirichlet boundary condition was used for the wind speed at the inlet and for the pressure at the outlet. A Neumann condition was set for the pressure at the inlet and for the wind speed at the outlet. At the lateral boundaries of the domain, both the wind speed and the pressure were set to Neumann conditions.
Enhanced actuator line model
The enhanced AL model only differs from the baseline model in the consideration of the conservative load at the blade tip. As we described in our previous work [12] , the origin of the conservative force is the Kutta-Joukowski load acting on the chordwise bound circulation Γ chord , which is defined as the circulation around a contour normal to the blade chord (see e.g. figure 5 from Ref. [12] ). Hence, the normal N and radial R components of the conservative load are computed as: where ρ is the fluid density, V radial and V axial are the radial and axial components of the relative velocity, respectively, and c is the chord length. Γ chord is concentrated at the tip (see figures 7 and 9 from Ref. [12] , where the chordwise vorticity and circulation are shown), so N and R are applied as body forces only at the last blade element. In order to obtain Γ chord at the tip for applying the conservative load at the last blade element, we need to compute first the radial bound circulation along the span as
where F l and V rel are the sectional lift force and the relative wind speed, respectively. Γ radial is computed for every single blade element. Once the magnitude of the maximum Γ radial along the span is known, it can be used for estimating Γ chord at the tip after assuming conservation of circulation. This assumption implies that Γ radial is transformed into Γ chord at the tip just before being converted into the tip vortex itself:
where z is an engineering factor between 0 and 1 accounting for the fact, that a fraction of the maximum circulation is released as trailing circulation along the blade span before reaching the tip. We assume z = 0.75, since as figure 9 from Ref. [12] shows, that is approximately the normalized strength of the chordwise circulation (with respect to the maximum circulation) at the tip (assumed to be the last 2% of the blade length). In other words, 0.25 of the maximum bound circulation is released approximately from r/R = 0.8 (the radial position of maximum bound circulation) to 0.98 of the blade span. It should be however remarked that this assumption is just a best guess and it should be tuned in the future with more experiments and/or simulations. Furthermore, we expect this factor to be highly dependent on the blade geometry and the operating tip speed ratio.
Results

Verification of the baseline numerical model
It is well known that the accuracy of AL models highly depends on the regularization parameter . As Ivanell et al.
[36] reported, must be as small as possible in order to avoid influencing the wake structure with the Gaussian smearing of the body force. However, the ratio /∆x (where ∆x is the cell size in the rotor plane) can not be too small if numerical instabilities are to be avoided. Therefore, in order to achieve a small and resolve accurately the tip vortex, we chose in the first place a mesh that clearly exceeds the usual requirements of actuator line simulations (see §2.2.2). The power obtained from the simulations is used for analysing the sensitivity of the numerical model to the the ratio /∆x (see figure 1) . The best consistency with the experiment (power overprediction of just 3%) is achieved with /∆x = 2 (i.e. = R/25). Troldborg [9] also suggested the same ratio as the best compromise between simulation accuracy and stability. For smaller values of /∆x the simulation was too unstable. Therefore, we chose to use /∆x = 2 for both the baseline and enhanced models of our study. As we explained in §2.2.3, the axial and radial velocity components are required for computing the conservative load that acts on the chordwise vorticity. Figure 2 shows those velocity components at the rotor plane as predicted by two different models: the current baseline AL model and the RANS model with body-fitted mesh that was validated in Ref. [12] .
In spite of the fact that modelling a 3D blade by means of a 1D line is a strong simplification, the agreement between the AL and the body-fitted RANS model is in general good for both the axial and radial velocity components. However, a shift can be seen in the azimuthal position of the region with high radial velocity close to the blade tip. This implies that the radial velocity at the tip of the baseline actuator line is strongly underpredicted. The same happens with the enhanced actuator line model (not shown in the figure, since differences in this regard with respect to baseline are negligible). The underprediction of the radial velocity component leads to a severe underestimation of the conservative load N (see equation 5), as represented in table 1. However, the radial component R is accurately predicted thanks to the good estimation of the axial velocity component.
Influence of the conservative load on the tip vortex trajectory
The λ 2 criteria [38] has been used for identifying the location of the vortex core at each azimuthal position. Figure 3 shows the vortex trajectory obtained from the experiment and different numerical models. Our analysis focuses on the AL-LES simulations, since the other results were already analysed in Ref. [12] . The AL-LES simulations without conservative load (labelled as AL w/o conserv. load ) lead to the wake beginning to expand directly after the tip vortex release. On the contrary, the AL-LES simulations with conservative load (labelled as AL w/ conserv. load ) present an inboard motion of the tip vortex prior to the wake expansion (as it also occurs in the experiment, the body-fitted RANS and panel lattice simulations). Furthermore, the computed radial position of the tip vortex at its innermost location agrees well with the experiment and the body-fitted RANS simulations. This behaviour confirms that the radial conservative load R is responsible for the inboard motion of the tip vortex, as we estimated in Ref. [12] . However, the azimuthal angle at which the wake expansion begins is clearly delayed in the AL-LES simulation. The reason for this seems to be related to the above described strong underestimation of N (see table 1). 3.3. Influence of the conservative load on the rotor performance In this section we aim at analysing if the influence of the conservative force on the tip vortex trajectory plays a role on the rotor performance. Figure 4 -a shows the AoA in the tip region. No significant difference between the results with and without conservative force can be seen. This implies that the lift and drag force coefficients (C l and C d ) do not change. However, the relative wind speed (figure 4-b), which is defined as V rel = V 2 x + V 2 θ , is slightly affected by the change in the vortex trajectory. Correspondingly, the lift and drag forces F l and F d are also influenced (figures 4-c and 4-d, respectively). This, in turn has a small but distinguishable effect on the driving torque and the thrust (figures 4-e and 4-f, respectively). Integrating the torque over the last 10% of the blade gives a difference of the torque at the tip with and without conservative load of approx. 2%. The total power of the turbine is reduced by approx. 1%. Hence, considering the conservative load contributes to mitigate the slight power overprediction of the simulation as compared to the experiment (see figure 1) . This indicates that the conservative loads play an indirect, modest role on the rotor performance.
